Let P be an n by ra matrix whose elements are complex valued functions continuous in (t, X) for t in the closed interval [a, b] and X in the closed disk A={X: |X-X0|^r, r>0} in the complex plane.
in the closed disk A={X: |X-X0|^r, r>0} in the complex plane.
Consider the re-vector differential equation (1) dy/dt = Py together with the homogeneous w-vector two point boundary conditions (2) Uy m Ay(a) + By(b) = 0, where A and B are w by n matrices the elements of which are continuous complex valued functions on R.
The compatibility of (1), (2) atXEA is defined to be the maximum number of linearly independent solutions of (1), (2) corresponding to X. Let yi, • • • , yn be a fundamental set of solutions of (1) continuous in (t, X) for tE [a, b] and XGA, hence uniformly continuous there. A necessary and sufficient condition for the compatibility of (1), (2) at X to be k is that the rank of the re by re matrix F(X) with elements cA-yy(X) be of rank n -k. It is known [l], [2] that if the compatibility of (1), (2) is constant in some neighborhood of X0 and x(t) is a solution of (1), (2) for X=X0, then there exists a solution x(t, X) of (1), (2) which is uniformly continuous in (t, X) for tE [a, b] and X in some neighborhood of Xo and which is such that x(t, \0)=x(t) so that x(t, X)->x(t) uniformly on [a, b] . The question, a natural one, as to what can be said in case the compatibility is not constant in any neighborhood of X0 was brought to the attention of the author by W. M. Whyburn [3] . An answer to the question is in the following theorem. Theorem 1. If the compatibility of (1), (2) at X0 is k0>0 and is not identically zero in any deleted neighborhood of Xo, then there exists an integer k with 0<k^k0, an infinite sequence {XOT} of distinct values of X converging to X0 at each Xm of which the compatibility of (1), (2) is k, and correspondingly k linearly independent sequences {xx(t, \m)}, • • • , {xk(t, Xm)j of solutions of (1), (2) Proof.
F(X) as defined above is continuous on R, implying the compatibility of (1), (2) is less than or equal to k0 at each X in some neighborhood of Xo-There exists an integer k, 0 < k ^ k0, and an infinite sequence S ol distinct values of X converging to Xo at each term of which the compatibility of (1), (2) is k. The case k = n is disposed of as being trivial since in this case the rank of F(X) is zero for X = Xo and every XES, implying yi, • • ■ , yn are linearly independent solutions of (1), (2) Theorem 2. Suppose that f£u(t)v(t)dt = 0 for every pair of solutions u, v °f (3), (2) corresponding to distinct values of X. Then there exists a deleted neighborhood of Xo at each X of which the compatibility of (3), ( 2) is zero.
Proof.
If the theorem is false, Theorem 1 then guarantees the existence of an infinite sequence {Xm} of distinct values of X converging to Xo and a sequence {xm} of solutions of (3), (2) for X = Xm converging uniformly on [a, b] to x, a solution of (3), (2) for X = X0 which is not the trivial solution. But faXxm = 0 for every m together with uniform convergence implies /"xx = 0, an impossibility.
Corollary.
The eigenvalues of a regular selfadjoint problem on a finite interval are isolated.
